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Finite element-based assessment of energy
harvesting in composite beams with
piezoelectric transducers

Theofanis S. Plagianakos1 , Nikolaos Margelis1,
Nikolaos Leventakis1, Georgios Bolanakis1,
Panagiotis Vartholomeos2 and Evangelos G. Papadopoulos1

Abstract
A finite element-based methodology is introduced for studying composite beams with piezoelectric transducers con-

nected to energy harvesting circuits. Continuous and lumped-parameter models are developed based on finite element

approximations and verified by means of experiments performed on a cantilever beam subjected to sinusoidal excitation

at low, with respect to resonance, frequencies below 15 Hz. Three harvesting circuits have been studied: an in-house, a

commercial, modified to include a rectification stage, and an off-the-shelf commercial. Comparison of numerical predic-

tions with experiments illustrates good agreement in voltage and high sensitivity to current losses in the circuit. It was

found that the commercial circuits outperform the in-house circuit in terms of harvested power at frequencies higher

than 5 Hz, while the latter enables power harvesting at arbitrary low frequencies. Based on these results, it is demon-

strated that the developed approach enables coupled simulation of a composite structure and a realistic harvesting circuit

in one-shot.
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Introduction
Piezoelectric Energy Harvesting (PEH) refers to the two-
stage process of (i) mechanical to electric energy conver-
sion via a piezoelectric (PE) transducer during structural
vibration and (ii) energy storage by means of an appropri-
ately designed electric circuit. Pioneering autonomous
systems including PE sensors and suitable harvesting cir-
cuits have been designed quite early.1,2 In the last two
decades, PEH has become an emerging research field,
mainly due to its high efficiency compared to other physi-
cal mechanisms.3 Its main applications include exploit-
ation of the energy produced by human motion or
ambient vibration by providing low power to electronic
equipment in the context of IoT solutions.4–6

A vibrating PE element, responsible for the first PEH
stage, behaves electrically as a capacitive AC source,
which must be rectified at a desired DC voltage level to
be useful for powering an electronic device or energy
storage element. The simplest configuration of PEH, that
realizes both stages, comprises the PE element, an AC-DC
diode rectifier and a switched-mode DC-DC converter to
provide the DC power to the load.7 Adaptive circuits have
been designed for maximizing the power transfer,8,9

whereas nonlinear techniques employing capacitor-inductor
resonant circuits (SSHI)10,11 tend to increase the harvested
energy. The virtues of SSHI were combined with adaptive
power transfer, resulting in SSHI circuits operated by a
maximum power point tracking algorithm (MPPT).12 A
bias-flip rectifier that can improve upon the power extraction
capability of existing full-bridge rectifiers by more than 4
times was presented in.13 Most of the systems mentioned
above employ linear PE oscillators, which are exclusively
studied near their resonant frequencies. On the other hand,
non-linear PE harvesters may be tuned to increase the fre-
quency range, the power amplitude, and the responsiveness
to non-sinusoidal noisy excitations.14–16

PEH mechanisms have been modeled mainly as
lumped-parameter systems17–23 due to low computational
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cost and compatibility with the electric circuit model.
However, the fatigue performance of the coupled electro-
mechanical system depends on local effects, such as stress
distribution in the mechanical subcomponents, which can
be captured exclusively by modeling the continuum solid.
Solutions based on Hamilton’s principle, such as
Ritz-type and finite element (FE) methodologies, are can-
didate approaches. A Ritz-type solution has been formu-
lated by Jacquelin et al.24 for simulating the impact
response of a PE unimorph connected to a resistive
circuit. Benasciutti et al.25 used FE modeling for optimiz-
ing the strain distribution along a PE unimorph by imple-
menting a curved supporting block. Optimization of the
dissipated power in terms of damping and electromechan-
ical coupling in a resistively shunted unimorph has been
performed.26 A micro-energy harvester operating below
100 Hz excitation has been developed.27 Niasar et al.28

studied the power output design of a roadway PEH in
terms of geometric parameters and material properties
by using FE models for resistive circuits and implemented
Simulink for predicting power output in SSHI and SEH
circuits. They also extended their approach for studying
electrical fatigue of PEH and implemented relevant
design optimization.29 Recently, FE models for resistively
shunted piezoelectric devices in geometric nonlinear
regime have been reported.30,31 Most of the above-
mentioned FE models are capable of predicting the vibra-
tion response of resistively shunted electromechanical
systems. Moreover, the excitation is typically near
resonance.

The present work aims at developing a FE based meth-
odology for supporting structural design of composite
beams with PEH circuits. The purpose of the study is
mainly to validate the models developed and compare
the selected harvesting circuits at a low-frequency
range, off-resonance. The developed FE models are
shown to predict the electromechanical response of the
composite structure coupled to the harvesting circuit in

one shot. Three FE types are studied, illustrating
their accuracy and computational efficiency. A lumped-
parameter alternative to the one-shot approach is also
developed. To validate the methodology, three harvesting
circuits are experimentally studied: an in-house, a com-
mercial, modified to include a rectification stage, and an
off-the-shelf commercial. Results show the validity of
the developed methodology, and its possible usage to
further study coupled systems.

Electromechanical system model
The electromechanical system studied is a cantilever com-
posite beam with a shunted PE patch subjected to forced
harmonic excitation. In the validation phase, which
includes open-circuit (oc) and resistive circuit (cc-R) con-
figurations, the matrices derived from in-house and com-
mercial FE codes are fed as stiffness, mass, damping, and
piezoelectric, dielectric constants into lumped-parameter
models.

In the prediction phase three PEH circuits are studied:
an in-house circuit (cc-ih) of known parameters, and two
commercial circuits of unknown architecture and para-
meters. One of the latter (cc-PI) is reversed-engineered,
while the other (cc-ch) is modified to include a rectifica-
tion stage and is used for harvested power comparison.
The modeling approach flowchart is schematically
shown in Figure 1. In the next sections each model is
described explicitly.

PEH FE model
The beam geometry is shown in Figure 2 and the relevant
geometric parameters are listed in Table 1. The PE patch
is bonded with epoxy on the upper surface of the beam
and is assumed to be tightly connected with the beam.

The PE material is polarized along its thickness; in the
context of this work, it exhibits linear PE behavior. The
ply constitutive equations in the natural coordinate
system Oxyz have the form

σi = CE
ij Sj − (e3i)

TE3

D3 = e3jSj + εS33E3

(1)

where i, j = 1,…,6; σi and Sj are the mechanical stress and
engineering strain in vectorial notation; E3 is the compo-
nent of electric field vector along the thickness direction;
D3 is the electric displacement vector component; Cij is
the elastic stiffness tensor; e3j is the piezoelectric tensor
arising from the piezoelectric charge tensor and the stiff-
ness tensor; and ϵ33 is the material electric permittivity.
Superscripts E and S indicate constant electric field and
strain conditions, respectively, and T indicates matrix
transposition. Equation (1) is valid for an arbitrary lami-
nate material, as it covers the behavior of both the PE
and passive composite plies (emj= 0). The indices in
Equation (1) denote that the present continuum models
account for the full representation of the stress and
strain tensors in 3D space and may be applied to arbitraryFigure 1. Overview of the modeling approach.
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geometries, laminations, and sensor configurations.
The electric field vector component E3 is the gradient

of the electric potential υ along the thickness of the PE
patch:

E3 = −∂υ / ∂z (2)

Three FE models were developed in the multiphysics
commercial software Comsol32: (i) a 3-D solid element
model (3D-sFE), (ii) a 2-D plane strain model
(2D-psFE) and (iii) a layerwise shell element model
(2D-lsFE). Without loss of generality the formulation is
derived for the layerwise shell case (Figure 3). Typical
through-thickness kinematic assumptions of the linear
layerwise theory33 are expressed as:

uk(x, y, ζk ) = Uk(x, y)Ψk
1(ζk )+ Uk+1(x, y)Ψk

2(ζk )

vk(x, y, ζk ) = Vk (x, y)Ψk
1(ζk)+ Vk+1(x, y)Ψk

2(ζk )

wk(x, y, ζk ) = Wk(x, y)Ψk
1(ζk )+Wk+1(x, y)Ψk

2(ζk )

υk(x, y, ζk ) = Yk(x, y)Ψk
1(ζk)+ Yk+1(x, y)Ψk

2(ζk)

(3)

where index k denotes the discrete layer, u, v, and w, are
the displacements along x, y, and z, respectively, and υ is
the electric potential. U, V, W and Υ are the respective
variable values at the interfaces between discrete layers,

practically denoting degrees of freedom of the piezocom-
posite laminate. The kinematic assumptions of Equation
(3) account for any type of composite layer and active
or sensory PE layer, such as piezoceramic, piezopolymer,
encapsulated piezoelectric and macro-fiber, the latter with
unit-cell layer properties. In this work each material and
PE sensor/actuator is modeled in a separate layer and
piezoceramic layers polarized along the z-axis are
modeled and used in the tests. The linear layerwise
displacement-potential approach rests on linear functions
of discrete layer thickness in a local coordinate system
(ζk ∈ [− 1,1]), given by

Ψk
1 = (1− ζk) / 2

Ψk
2 = (1+ ζk) / 2

(4)

The governing equations of motion are provided in
energy terms form as,

∫
t0+dt
t0

(�
A0

δKL dx dy−
�
A0

δHL dx dy

−
�
A0

δWdL dx dy+
�
Γ
δ�uT�τ dΓ

)
dt = 0 (5)

where subscript L denotes composite laminate, A0 is the
midplane, δ�u is the vector of all mechanical degrees of
freedom of the laminate arising from the kinematic
assumptions in Equation (3), �τ are the tractions at the
boundary surface Γ and δHL, δKL and δWdL are the varia-
tions of the electromechanical, kinetic and dissipated
energy of the laminate per unit area, respectively.

Incorporation of Equations (1)–(4) in (5), in-plane
approximation of mechanical and electric variables
using quadratic Serendipity shape functions and integra-
tion along mid-surface yields the discretized system
matrices. Characteristic mesh types and densities applied
to the current models are shown in Figure 4.

Figure 2. Composite beam with piezoelectric (PE) patch.

Table 1. Beam and PE element geometric parameters.

Parameter

Value

(mm) Parameter

Value

(mm)

beam length L 233 PE patch length Lp 50

beam width b 35 PE patch width bp 30

… beam thickness

h
2.15 PE patch thickness

hp
0.2

distance from

support, d1
15 distance from free

end, d2
18

Plagianakos et al. 3



It should be noted that the formulations of the 3D-sFE
and 2D-psFE32 do not allow for orthotropic composite ply
properties and stacking sequence input. Thus, equivalent
single-ply properties are derived based on ply compliance
transformation to natural coordinate system Oxyz
(Figure 2) and averaging for the balanced symmetric com-
posite laminate under consideration.34

In the case of a circuit connected to the PE terminals, as
in the typical case of a resistive load, the response of the
discretized system is described by,35

[Muu] 0
0 0

[ ]
�̈u
ϋ

{ }
+ [Cuu] 0

0 0

[ ]
�̇u
υ̇

{ }

+ [Kuu] [Kuυ]
[Kυu] [Kυυ]

[ ]
�u
υ

{ }

= F(t)
Q(t)

{ }
(6)

Cp{υ̇}+ 1

R
{υ} = {Q̇(t)} = {I(t)} (7)

where [M ], [C ] and [K ] are the system mass, damping and
stiffness matrices, Cp is the capacity of the PE patch, F is
the applied force vector and Q and I are, respectively, the
electric charge and current in the circuit. Note that the
damping considered in Equation (6) is exclusively attrib-
uted to the viscoelastic nature of the composite material
and the friction in the supports. Based on measurements
and engineering practice, this damping is low, thus not
affecting the system eigenfrequencies.

The system of Equations (6) and (7) describes the
forced harmonic response in the case of a shunted resis-
tance. In the case of a more complicated load than the
one in Equation (7), this equation can be formulated
using the load impedance. In the general case of an arbi-
trary harvesting circuit, this can be addressed by exploit-
ing commercial software capabilities. Thus, the present
continuum model provides a solution for the electromech-
anical system coupled with the PEH circuit in one shot.
Alternatively, to implement complex circuits efficiently
in terms of computational effort, the continuum model
may be used for providing input to the lumped parameter
model presented in the next section.

The harvested power from the PEH circuit may be cal-
culated using the energy stored in the output of the dis-
charging subcircuit between two timestamps as,

P(t) = ∫
t2
t1
υ(t)I(t) dt

t2 − t1
(8)

Lumped-parameter model of electromechanical
system with harvesting circuit
The general formulation of the LP model implemented
herein has been developed by Erturk and Inman.3

Combining the analytical bending solution with a resistive
circuit element equation provides the circuit current
source as,

I (t) = −
∑∞
j=1

κj
dηj(t)

dt
(9)

Figure 3. General form of through-thickness distribution of displacements and electric potential.
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where j denotes an eigenmode, η is the transient vector of
modal coordinates in the space-time decomposition of the
transverse displacement,

w(x, t) =
∑∞
j=1

φj(x)ηj(t) (10)

where φ denotes the eigenvector of mode j and κ is the
modal electromechanical coupling coefficient,

κj = e31hpb

� xf

xs

d2φj(x)

dx2
dx

= e31hpb
dφj(x)

dx

∣∣∣∣
xf

− dφj(x)

dx

∣∣∣∣
xs

( )
(11)

with xs and xf denoting start and end of the patch in terms
of the length coordinate x.

The methodology followed for determining
stiffness, mass, damping, piezoelectric and permittivity
terms of the LP model, including all necessary terms

appearing in Equations (9)–(11) may be briefly summar-
ized as:

(a) Solving of Equation (6) for the free-vibration
response of the open-circuit system in the frequency
domain provides the eigenvectors, which are used
for the formulation of the modal mass, damping, stiff-
ness, and force transformation matrices, respec-
tively36:

[Mffmod] = [φ]T[M ][φ]

[Cffmod] = [φ]T[C][φ]

[Kffmod] = [φ]T[K][φ]

[Fsfmod] = [φ]T[F]

(12)

(b) The modal matrices are used for determining η:

[Mffmod]{η̈}+ [Cffmod]{η̇}+ [Kffmod]{η}

= {Fsfmod} (13)

Figure 4. Finite element meshes considered: (a)-(b): 2D-lsFE with through-thickness discretization, (c) 3D-sFE, (d) 2D-psFE.
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(c) The electromechanical coupling coefficient κ is
provided by Equation (11) using PE properties,
geometrical parameters, and the slope of the modal
transverse displacement. The latter is directly
calculated in modal space, in addition to
eigenvectors and modal matrices, by implementing
a C1-continuous 2D higher-order layerwise FE,37

which encompasses this slope as a nodal DOF.
(d) The electric current flowing through the PEH circuit is

calculated using Equation (9). As an alternative to
points (b)–(c), ηmay be measured at the point of exci-
tation by means of a high-speed camera.

(e) The PE transducer is modeled in the PEH circuit as a
current source and a capacitor with Cp appearing in
Equation (7) and derived as:

Cp = ε33bL

hp
(14)

The LP model is implemented in Simscape38 and PSpice39

software.

PEH circuits
As mentioned earlier, the PEH circuits studied were the in
house (cc-ih), the custom using off-the-shelf commercial
hardware (cc-ch)40 and the commercial, designated as
the E-821.00 electronic module by PI (cc-PI).41 In
general, their architectures follow established designs7

including three main parts, i.e. a rectifier, a charging cap-
acitor, and a discharging switch (MOSFET).

In-house PEH circuit (cc-ih)
The in-house circuit (Figure 5) consists of a diode rectifier
due to the alternating input current, a capacitor which is
charged by the rectified electric current and a load with
a MOSFET switch which discharges the capacitor.

The in-house circuit is designed as simple as possible
because its main purposes are model validation and
design exploration. As shown in Figure 5, the circuit con-
sists of a diode rectifier – due to alternating current from
the oscillating PE transducer – in parallel with a capacitor
which accumulates charge. The current provided by the
PE transducer component is independent of the electric
circuit. A MOSFET acts as a load switch. When it does
not conduct, the capacitor is charged, else it is discharged
providing current to the resistive load. Selecting properly
the capacitor capacitance and upper and lower voltage
thresholds, different types of loads including batteries
can be powered.

Custom commercial circuit (cc-ch)
The custom commercial harvesting circuit has been devel-
oped for comparison in terms of harvested power. It is
based on the SPV1050, an ultralow power, high-
efficiency energy harvester and battery charger manufac-
tured by STMicroelectronics.40 The SPV1050 is an

Integrated Circuit (IC) that implements the maximum
power point tracking function (MPPT) and incorporates
the switching elements of a buck-boost converter.
However, it lacks the rectifying stage needed for piezo-
electric sources, as it is intended for photovoltaic applica-
tions. To this end, a full-wave rectifier has been designed
and implemented in-house (Figure 6(a),b). The rectifier
includes a Zener diode to protect the energy harvester
against voltage overshoots.

A schematic representation of the custom commercial
harvesting circuit is shown in Figure 6(c). The piezoelec-
tric element is connected to the full-wave rectifier, the
output of which is provided directly to the STEVAL-
ISV020V1, an evaluation board provided by STM
icroelectronics that integrates the SPV1050 and its
purpose is to facilitate the development of applications
based on it. A single-cell LiPo battery is connected to
the evaluation board’s output. Throughout the experi-
ments described in the next section, the low-dropout reg-
ulators have been disabled, leaving the battery charging
and MPPT functions enabled.

Commercial circuit (cc-PI)
The commercial circuit E-821.00 manufactured by PI,40

shown in Figure 7(a) is an integrated circuit that includes
a diode rectifier and a capacitor that charges due to the
alternative current produced by the PE transducer.
Reverse engineering of the circuit may lead to the
PSpice39 model presented in Figure 7(b).

When the voltage of the capacitor reaches a reference
value of 12 V, an automatic switch is activated, allowing
part of the electric energy in the capacitor to be released
into a secondary sub-circuit. The automatic switch is
turned off when the voltage of the capacitor falls at 6 V.
The switch is implemented by a MOSFET controlled by
an operational amplifier which compares the voltage of
the capacitor to the reference voltage. This response is
modeled with the use of a Schmitt trigger supplied by
external voltage sources for simplicity. The secondary
circuit consists of a buck converter that assures that the
output of E-821.00 is a pulse of constant voltage. In the
model presented in Figure 7(b), the function of the sec-
ondary circuit is modeled by a simplified buck converter
and a voltage clipper to reduce the complexity of the
model. The simplified version of the buck converter
includes a feedback loop, so that the harvesting circuit
output to a resistor is a pulse of constant voltage. The
feedback loop is implemented with two operational ampli-
fiers and a MOSFET. Like the Schmitt trigger sub-circuit,
parts of the feedback loop are connected to external
voltage sources, whereas the buck converter of the
actual circuit is supplied partly by the electric energy pro-
duced by the PE transducer.

Experimental configuration
An experimental setup was developed to facilitate the
acquisition of measurements, see Figure 8. The harvested
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energy was provided by a P.876-A12 DuraAct® patch
from PI,42 glued with epoxy on the beam upper surface.
An LDS V201 (B&K) shaker was used to excite the speci-
men through a steel stinger instrumented with a load cell
(PCB). Additional signals were acquired by an accelerom-
eter (PCB) and a fine current sensor with adjustable range
(nA, μΑ or mA). All signals were collected by a NI 2110
BNC-terminal block and a NI PCI-6036E DAQ board.
Labview® software was used for providing the excitation
signal to be amplified by an LDS LPA100 B&K amplifier,
as well as, for measurement storage. The displacement at
the load application point was measured by processing
images43 acquired by a high-speed camera.

Comparison of measurements with model predictions
revealed that using the measured force as model input
yields higher displacement amplitudes than measured.
This is attributed to the stinger’s free length and inertia
effects of the concentrated mass of the load cell, indicat-
ing deviation from a “rigid” exciter of zero mass.
Moreover, the shaker is voltage-controlled, setting
mechanical displacements at the load application point.
Thus, the excitation input to the FE and LP models was
provided in terms of displacement, as explicitly reported
in Section 5.

The electrical response of the PEH circuits is studied
by measuring voltage and current both at the terminals
of the PE element and at the output of each circuit.
Voltage was measured using a DAQ board analog

channel, while current by a Low Power Lab sensor, exhi-
biting accuracy of ±0.05% for both the μA and nA ranges.

Results and discussion
The models developed are validated against measure-
ments for resistive and harvesting circuits. In addition,
quantification of the alternative PEH circuits is studied
in terms of power generation at a low frequency excitation
regime, compared to system resonance.

Material properties
A composite beam of Graphite/Epoxy material with
a surface attached piezoelectric patch and lamination
[ − 45/45/902/0/90]S is studied. The elastic properties of
the composite material considered are obtained from
static tests44 conducted by the manufacturer (Hellenic
Aerospace Industry S.A.). They are additionally validat
ed by performing modal tests on the beam leading to
measurement of the fundamental eigenfrequency at
24.9 Hz. To yield measured damping in the fundamental
bending mode (ζ= 2.4%), the composite ply damping
coefficients have been fitted as to include damping due
to friction in the clamped support. The electromechanical
properties of beam and patch materials are listed in
Table 2.

Figure 5. In-house harvesting circuit (cc-ih): (a) physical representation, (b) systems modeling approach.
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Figure 6. Custom commercial harvesting circuit (cc-ch): (a) schematic diagram of the full-wave rectifier, (b) physical representation of

the full-wave rectifier, (c) schematic representation of the harvesting circuit.

Figure 7. Commercial harvesting circuit (cc-PI): (a) physical representation, (b) reversed-engineered model including rectifier,

Schmitt-trigger, voltage-clipper and buck-converter.
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Resistive-circuit (cc-R) response
The resistive circuit served as the simplest closed-circuit
configuration to be studied in the context of model valida-
tion. An 11.8 kΩ resistor was connected at the terminals of
the PE patch. Figure 9 shows predicted and measured
values for the electric potential and current at the

resistor terminals for a transverse displacement amplitude
of w0= 0.9, 1.2 and 2.4 mm at 1, 10 and 20 Hz, respec-
tively. This displacement was achieved with a force amp-
litude of F0= 0.75 N.

Some timesteps are required for the stabilization of the
solution in the case of the FE models, reaching approxi-
mately half wave. In general, very good correlation is
observed between predictions of 2D-lsFE and LP
models and measurements for all frequencies studied.
The 3D-sFE and 2D-psFE models overpredict both
current and voltage. This deviation may be attributed to
the approximation of the lamination as an equivalent
UD-ply and the high thickness aspect ratio (L/h= 108)
of the beam.

The measured response reveals a deviation from a pure
sinusoidal response in the rising part of the sine wave and
indicates a compulsion at the force application point. This
compulsion may be attributed to the adjustment of the
stinger on the specimen and the deflection caused by the
concentrated mass of the load cell to the stinger.

PEH circuits response
In-house harvesting circuit (cc-ih). The voltage threshold for
initiation of charging the capacitor by means of current
produced by the PE transducer was set to 2.4 V.
Figure 10 shows predicted and measured response in the
charging sub-circuit at excitation frequency of 10 Hz.

It is observed that the LP model fairly predicts the mea-
sured amplitude of voltage and current, while there is
some discrepancy in the timestamp of discharging initia-
tion. Similar predictions are provided by the 2D-lsFE,
although at a much higher computational cost. The dis-
crepancy may be attributed to the deviation from

Figure 8. Experimental configuration.

Table 2. Electromechanical properties of materials considered

(*: under constant stress).

Property

Composite

Material

Piezoelectric

Material

Density (kg/m3) 1554 7800

Elastic Properties
E11 (GPa) 138.40 62.10

E22 (GPa) 8.50 62.10

E33 (GPa) 8.50 48.30

G12 (GPa) 4.30 23.20

G13 (GPa) 4.30 21.30

G23 (GPa) 4.30 21.30

ν12 0.31 0.33

ν13 0.31 0.43

ν23 0.31 0.43

Damping Properties
ζ11 (%) 2.20 –

ζ22 (%) 19.20 –

ζ12 (%) 32.20 –

Piezoelectric
Properties

d31 (10
−12 m/V) – −191

d32 (10
−12 m/V) – −191

d33 (10
−12 m/V) – 409

Dielectric Properties (ϵ0= 8.85 10−12 F/m)

ϵ33/ϵ
0 3.5 1832*
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sinusoidal excitation at the test, which does not occur in
the models. Slight differences between nominal and
actual electronic components’ values also contribute to a
relatively higher charging rate in the model compared to
the experimental circuit. The spike in the predicted
current of the LP model indicates discharging of the cap-
acitor, which can be captured using an adaptive timestep
during solution, effectively reaching the ns range.
Overall, it was found that the response of the coupled elec-
tromechanical system with PEH is very sensitive to devia-
tions in elastic and electric model parameters.

As also observed in Figure 10, the 2D-psFE model
lacks in accuracy compared to the LP and 2D-lsFE FE
model, as concluded also in the resistive circuit case,
since it predicts higher eigenfrequencies and thus, stiffer
response and shorter charging time. Nevertheless, it is
more efficient compared to the 2D-lsFE shell in terms of
computational cost. To this end, it may be used as a pre-
liminary design tool for quick estimation of the induced
mechanical stresses in the beam, which are critical for

effective design against electromechanical fatigue of
piezoelectric composite harvesters. The FE prediction of
the coupled structure-circuit response in one-shot, as
developed in this work, is thus a step towards improved
design of harvesters.

Measured and predicted response in the output of the
PEH discharging subcircuit is presented in Figure 11,
illustrating very good correlation in voltage amplitude
and similar deviations in discharging timestamps as
observed in the charging process.

Custom commercial harvesting circuit (cc-ch).
Measurements of the battery terminal voltage (VB) and
its charging current (IB) at the cc-ch are shown in
Figure 12 for excitation frequencies of 5, 10 and 15 Hz.

It is observed that as the excitation frequency is
increased towards the eigenfrequency at 25 Hz, the fre-
quency and the amplitude of the charging current pulses
are increased as well. Thus, the harvesting power
largely depends on the excitation frequency. However,

Figure 9. Resistive circuit: measured and predicted response at excitation frequency of 10 Hz.

Figure 10. Measured and predicted response in capacitor of in-house harvesting circuit (cc-ih) at excitation frequency of 10 Hz.
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the relationship is not proportional. Maximum harvesting
power of 299.11 μW is observed in the experiment with
excitation at 15 Hz, whereas 101.81 μW and 5 μW are
obtained with excitation at 10 Hz and 5 Hz respectively.

Notably, the harvesting power at 5 Hz excitation is
very small. A possible cause of this observation lies in
the fact that the SPV1050 is not designed for oscillating
inputs. Since the actual architecture and related para-
meters of the SPV1050 integrated circuit are not
provided by the manufacturer, this assumption cannot
be validated. However, it was necessary to increase the
capacitance of the rectifier’s output stage for the harvester
to successfully switch on; the inserted capacitance acts as
a low-pass filter. The maximum harvesting power of 5 μW
has been reached using an electrolytic capacitor of
1000 μF.

Commercial harvesting circuit (cc-PI). Figure 13 shows the
response of the voltage and the current at the input of
cc-PI during the charging phase. The voltage is sinusoidal
with increasing amplitude until it reaches 12 V, while the
amplitude of the input current is decreasing. The compari-
son of measured and predicted response of the input
signals during the charging phase shows that the LP
model is successful in predicting the temporal evolution
of the input voltage. However, the estimation of the
input current is not as accurate, since it does not account
for the energy consumed by the circuit for the operation
of the automatic switch and the buck converter.

Figure 14 presents the input voltage and current of the
harvesting circuit during the discharging phase. It is
observed that during the discharging phase the input

voltage continues to have a sinusoidal form with decreas-
ing amplitude from 12 V to 6 V. The current slightly
increases as the circuit’s capacitor discharges.

Comparison of harvested power
The power harvested using each of the circuits is calcu-
lated using Equation (8). It was observed that variances
in the initial charge of the charging capacitor may signifi-
cantly alter the harvesting power. To this end, and for a
fair comparison between the harvesting circuits, the time-
stamps considered should be selected within a time range
of “settled” voltage and current signals, where the charge
in the charging capacitor is stabilized to a steady-state
range of values. In this context the experimentally deter-
mined harvested power for each circuit studied is listed
in Table 3 for several frequencies. In Table 3 dashes
denote zero output power.

Comparison of the values obtained indicates a general
increase of output power with frequency. This is reason-
able, as the fundamental eigenfrequency of the beam
(24.9 Hz) is approached. Also, an approximate equiva-
lence between modified commercial (cc-ch) and off-the
-shelf commercial (cc-PI) circuits is observed at the low
frequencies studied, whereas the in-house circuit (cc-ih)
harvests power two orders of magnitude lower. This
observation highlights the sensitivity of harvested power
to circuit losses at the μW harvesting range, as the ones
achieved experimentally. On the other hand, the
in-house circuit is capable of harvesting at a wider fre-
quency spectrum, including excitation frequencies as
low as 1 Hz.

Figure 11. Measured and predicted output voltage of in-house harvesting circuit (cc-ih) at excitation frequency of 10 Hz.
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Summary and conclusion
An experimental-numerical methodology has been devel-
oped for predicting the coupled electromechanical
response of composite beams with harvesting circuits sub-
jected to low, compared to resonance, frequency excita-
tion. The modeling approach includes three FE models
and a lumped parameter model, also FE-based.
Validation with tests performed on an experimental con-
figuration including a resistive and an in-house harvesting
circuit illustrated the accuracy of each model. Further
experiments using modified and off the shelf commercial
harvesting circuits quantified their power harvesting cap-
abilities. In the latter case reverse engineering led to a

lumped parameter model capable of capturing the output
voltage, whereas deviation was observed in prediction
of output current.

The main conclusions drawn from the forced vibration
response of the cantilever composite beam harvester with
a PE transducer are listed below:

• The linear layerwise shell FE model (2D-lsFE) accur-
ately captured the global closed-circuit response of
the PEH in terms of output voltage and current,
whereas predictions of the solid (3D-sFE) and plane
strain (2D-psFE) models yielded deviations mainly
attributed to composite material representation and
thickness aspect ratio.

Figure 12. Measured battery’s terminal voltage and charging current for the custom commercial harvesting circuit (cc-ch) at exci-

tation frequencies of (a) 5 Hz, (b) 10 Hz, (c) 15 Hz.
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Figure 13. Measured and predicted response of input signals in the capacitor of the commercial harvesting circuit (cc-PI) at excitation

frequency of 10 Hz.

Figure 14. Measured and predicted response of input voltage and current signals in discharging branch of commercial harvesting

circuit (cc-PI) at excitation frequency of 10 Hz.
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• The plane strain FE model outperformed the other two
FE models in terms of computational efficiency; hence,
it is more suitable as a quick design tool.

• The lumped parameter modelling approach is the most
efficient in terms of computational effort and approxi-
mates the layerwise shell FE model in accuracy of
global response prediction.

• Small deviations were observed between predicted and
measured voltage in the charging and discharging har-
vesting circuit branches, whereas electric current
proved to be very sensitive to internal circuit losses in
the μA range studied.

• Due to the linear regime of the mechanical response,
and in all harvesting circuits studied, output power
depends on frequency and increases as the eigenfre-
quency of the composite beam is approached.

• The commercial harvesting circuits provided equiva-
lent power output in the low frequency excitation
range beyond 5 Hz, whereas the in-house circuit
yielded two orders of magnitude less power.
However, the latter is also capable of power output
below 5 Hz, which may be a useful feature in specific
applications.

The numerical-experimental methodology studied the
performance of a composite PEH beam in the low-
frequency range and provided valuable insight regarding
modeling of the electromechanical response in closed-
circuit configurations.
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List of Abbreviations

3D-sFE Three-Dimensional solid Finite element
2D-psFE Two-Dimensional plane strain Finite

Element
2D-lsFE Two-Dimensional layerwise shell Finite

Element
AC Alternating Current
cc closed-circuit
cc-ih closed-circuit in-house harvester
cc-ch closed-circuit modified commercial

harvester
cc-PI closed-circuit Physik Instrumente
cc-R closed-circuit Resistive
DAQ Data Acquisition
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DOF Degrees of Freedom
DC Direct Current
FE Finite Element
IC Integrated Circuit
IoT Internet of Things
LiPo Lithium Polymer
LP Lumped Parameter

MOSFET Metal-Oxide Semiconductor Field-Efficient
Transistor

MPPT Maximum Power Point Tracking
oc open-circuit
PE Piezoelectric
PEH Piezoelectric Energy Harvesting
SSHI Synchronized Switch Harvesting on Inductor
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