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A Survey of Fractional-Order Circuit Models
for Biology and Biomedicine

Todd J. Freeborn, Student Member, IEEE

Abstract—In this survey, we present many of the fractional-
order circuit models used in biomedicine and biology to fit exper-
imentally collected impedance data. An overview of the different
methods used to extract the impedance parameters from collected
datasets are also presented. Applications of fractional order circuit
models for modelling human tissue, plant physiology, respiratory
systems, and tissue–electrode interfaces are presented to highlight
the significance of these models and their potential for further re-
search. This survey is of a tutorial nature intended as an introduc-
tion to fractional-order circuit models and to consolidate the many
models reported across literature.

Index Terms—Bioimpedance, fractional calculus.

I. INTRODUCTION

F RACTIONAL calculus, the branch of mathematics re-
garding differentiations and integrations to noninteger

orders, is a field that is over 300 years old [1]. Its origins dating
back to a correspondence from 1695 between Leibnitz and
L’Hôpital, with L’Hôpital inquiring about Leibnitz’s notation,

, and the meaning if . The reply from Leib-
nitz, “It will lead to a paradox, a paradox from which one day
useful consequences will be drawn, because there are no useless
paradoxes,” [2] has proven him quite the prophet. The last few
decades has seen an explosion of applications of fractional
calculus in many fields of science and engineering [3], [4].
A fractional derivative of order is given by the Caputo

derivative [6] as

(1)

where is the gamma function and . We
use the Caputo definition of a fractional derivative over other
approaches because the initial conditions for this definition take
the same form as the more familiar integer-order differential
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Fig. 1. Bode plots of when and 1.

equations. Applying the Laplace transform to the fractional
derivative of (1) with lower terminal yields

L (2)

Therefore, it becomes possible to define a general fractance de-
vice with impedance proportional to [7] where the traditional
circuit elements are special cases of the general device when
the order is , and 1 for a capacitor, resistor, and inductor,
respectively. A special case of the general fractance device is
referred to as a constant phase element (CPE), with impedance

or in the -domain, where is
the capacitance and is its order. It’s name is in reference
to the phase angle, , which is independent of frequency
and dependent only on the order, , given as .
While is mathematically possible, the values from ex-
perimentally collected data are typically in the range of

. For reference, the bode plots of when ,
0.4, 0.6, 0.8, and 1 are given in Fig. 1. These devices have
also been called fractional capacitors, in reference to their order
which takes a value between the traditional circuit elements of
a resistor and capacitor. It is for this reason that we use a ca-
pacitor as the schematic representation of CPEs in this work.
These CPEs have shown numerous applications in the field of
bioimpedance, which measures the passive electrical proper-
ties of biological materials. These measurements give infor-
mation about the electrochemical processes in tissues and can
be used to characterize the tissue or monitor for physiological
changes [8]. In this survey, we present many of the fractional
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Fig. 2. Theoretical (a) single and (b) double dispersion Cole impedance
models.

circuit models used in biomedicine and biology to fit exper-
imentally collected impedance data. An overview of the dif-
ferent methods used to extract the impedance parameters from
collected datasets are also presented. Applications of fractional
order circuit models for modelling human tissue, plant physi-
ology, respiratory systems, and tissue–electrode interfaces are
presented to highlight the significance of these models and their
potential for further research. An example of an extraction of
the fractional impedance parameters from an impedance dataset
using MATLAB is given. A comparison of the fractional-order
impedance models with their impedance plots are presented to
aid in selecting which model to use. This survey is of a tuto-
rial nature intended as an introduction to fractional-order cir-
cuit models and to consolidate the many models reported across
literature.

II. COLE IMPEDANCE MODELS

In the field of bioimpedance measurements the Cole
impedance model, introduced by Kenneth Cole in 1940 [9], is
widely used for characterizing biological tissues and biochem-
ical materials. In literature, this model has also been commonly
referred to as the Cole-Cole model or Cole-Cole impedance
model. However, the Cole-Cole model is actually a similar
model introduced by the Cole brothers in 1941 regarding
dielectric permittivity [10]. Therefore, care needs to be taken
when describing the model to prevent confusion between work
with dielectric permittivity and impedance.
The Cole model, shown in Fig. 2(a), is composed of three

hypothetical circuit elements. A high-frequency resistor , a
resistor and a CPE. The impedance of this model is then
given by

(3)

Noting that .
This model has become very popular because of its simplicity
and good fit with measured data, illustrating the behavior of
impedance as a function of frequency. However, while this

model is effective at representing experimentally collected
bioimpedance data, it does not provide an explanation of the
underlying mechanisms. Physiologically, the resistances in this
model are contributed by the numerous intracellular, extra-
cellular, and cellular membrane resistances within the tissue;
with capacitance contributed by the membrane capacitances of
the numerous tissue cells. The parameter is a dimensionless
quantity known as the dispersion coefficient. It is possible
to regard it in several ways, including, as a distribution of
relaxation times caused by the heterogeneity of cell sizes and
shapes, a measure of the deviation from an ideal capacitor in
the equivalent circuit, or as a measure of physical processes
like the Warburg diffusion [8].
Now, while these models do not provide an explanation of the

underlying mechanisms, there has been a large and expanding
body of research regarding their use in many diverse fields of
biology and biomedicine. The single dispersion model and its
parameters have been investigated for applications in biomedi-
cine that include:
• characterizing muscle, liver, lung, and spleen tissues ex-
cised from sheep [11];

• estimating the hemocrit value or total volume of red blood
cells in a sample of human blood [12] or assessing the
quality of red blood cell suspensions under storage [13];

• monitoring tissue ischemia, the condition of insufficient
oxygen and nutrient supply, from pH value estimated from
the impedance parameters [14];

• monitoring intra/extra-cellular volume or detecting tissue
structural alterations through the parameter, also referred
to as the bioimpedance width [15];

• monitoring the hydration process of patients during
haemodialysis as a potential indicator of hypotension
crisis [16];

• accurate modelling of different types of human skulls for
simulation of their properties for bioelectric related re-
search [17];

• usefulness of the impedance parameters for estimating
tissue response to chronic microelectrode arrays [18];

• detection of occlusal noncaviated carious for dentistry
[19];

• body composition analysis for total body water, extracel-
lular fluid content, intracellular fluid content, and fat mass
[20].

Many investigations regarding the Cole parameters and their re-
lation to cancerous tissues have been conducted with applica-
tions that include:
• aiding in the diagnosis of cervical cancer in women [21];
• classifier based diagnostic tool for healthy and cancerous
hepatic tissue in humans [22];

• identifying cancer [23] and the features of surrounding
areas in breast tissue [24];

• minimally invasive detection of bladder cancer [25];
• as a diagnostic and prognostic factor for survival in cancer
patients [26].

An expanded model, the double dispersion Cole model, is
used to accurately represent the impedance over a larger fre-
quency range or for more complexmaterials. This model, shown
in Fig. 2(b), is composed of an additional parallel combination
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Fig. 3. Impedance loci used to graphically extract the single dispersion Cole
impedance parameters.

of a resistor and CPE in series with the single dispersion Cole
model with total impedance given by

(4)

The double dispersion Cole model and its parameters have been
investigated for applications in:
• characterizing intestinal tissue excised from sheep [11];
• monitoring necrosis of human tumor xenografts during
and/or after hyperthermia treatment [27];

• investigating the age-related changes of human dentine
with potential to create nondestructive test methods ap-
plied to early caries and micro-leakage identification [28].

A. Cole Model Extraction Methods

To characterize a particular tissue or material using the single
or double dispersion Cole models requires the determination
of the four ( , , , ) or seven ( , , , , ,
, ) parameters, respectively. Early methods extracted

the parameters graphically from an impedance plot relating
the imaginary impedance, , to the real impedance, . An
example impedance loci used to extract the single dispersion
Cole impedance parameters is shown in Fig. 3. From the
circular arc the theoretical low frequency resistance, , and
high frequency resistance, , can be directly measured (see
Fig. 3) where . The CPE order, , can be
calculated from the measured angle through the relation

. While the frequency at which has its
maximum is equal to and the dispersion time constant is
given as , enabling the calculation of
with the previously measured parameters , , . The

double dispersion Cole parameters can be extracted in a similar
fashion, with two circular arcs appearing in the impedance loci
as a result of the two dispersions.
With the rise of computers and very powerful numerical fit-

ting software such as LEVM/LEVMW [29] andMATLAB [30],
the majority of parameters are now estimated using nonlinear
least squares routines fitting experimental data to the desired
model. Parameters are selected such that the least squares error
between the experimental data and estimated response are
minimized. While these fitting processes were initially applied
to impedance data, research has been expanded to extract
the parameters without requiring direct measurement of the
impedance. Instead, parameters are extracted only from the real
part of the impedance [31], [32], the imaginary , or
the modulus [20], [32], [33] components of the impedance and
even from time domain step response datasets [34]. Methods

without requiring fitting routines have also been investigated to
extract the parameters from the magnitude response [35], [36]
and the time domain response to a triangle-wave current input
[37].
A significant motivation in the research of alternative

methods for extracting the impedance parameters is to reduce
the amount of hardware and cost of instruments for these
measurements [20]. Traditionally, to collect the impedance data
requires an impedance analyzer which is expensive and not
portable. Low-cost hardware to accomplish this same task was
reported in [25], [38]. Lowering the cost of instruments that ex-
tract the Cole parameters without requiring direct measurement
of the impedance has the potential to significantly reduce the
barriers to conduct research especially with regards to real-time
monitoring with portable devices [39].

III. FRACTIONAL PLANT MODELS

Fractional impedance models are not only important in bio-
medicine but have shown useful applications in biology, specif-
ically in regards to plant physiology. The single dispersion Cole
model and its parameters have been investigated for:
• characterizing the tissues of different fruits and vegeta-
bles including apples, apricots [35], plumbs [36], potatoes,
kiwis [35], [40], garlic, tomatoes, and pears; with potential
to measure the maturity or give an estimate of lifespan for
storage purposes [41];

• relationship between the rooting ability and Cole parame-
ters of shoots and leaves of olive cuttings [42];

• effects of drying and freezing-thawing treatments on egg-
plant pulp samples [43];

• nondestructive method for detection of incipient mould de-
velopment on wood surfaces [44];

• fit the impedance data collected from the bark and wood of
current and one year old Scots pine shoots [45].

In [45], the single dispersion Cole model provided a more ac-
curate fit with experimental data than two other integer cir-
cuit models for bark and wood, even when both integer models
had more parameters (5 and 9, respectively) than the fractional
model (3). For comparison, the integer order models are given
in Fig. 4(a) and (b). This study concluded that the fractional
model is better suited to model tissues with numerous types of
cells with different sizes and morphologically different struc-
tures [45]. The double dispersion Cole model has also been in-
vestigated as an indicator of frost hardiness in Scots pine shoots
[46].
The Cole impedance models are not the only fractional

impedance models useful in matching the impedance data
collected from plant tissues. The model, shown in Fig. 5, is
composed of three resistors and three CPEs with impedance
given by

(5)

is used to fit the impedance data collected from root/stem/elec-
trode interface of willows tomonitor the root growth through the
change in the impedance parameters [47]. This method was in-
vestigated as a method of measuring root growth with the resis-
tances showing the highest correlation with the root
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Fig. 4. Lumped circuits for modelling (a) bark and (b) wood to compare against
a fractional circuit model in [45].

Fig. 5. Fractional impedance model to fit root/stem/electrode interface of wil-
lows grown to monitor root growth in [47].

fresh mass. This study also concluded that the speed and nonde-
structive nature of the measurements warranted further study on
the effects of soil type, moisture content, and electrode position
on the impedance parameters.
The model given in Fig. 6 composed of two CPEs and a re-

sistor with impedance given by

(6)

is used to fit the impedance data collected from a wood sample
to estimate the internal moisture gradients [48]. For this study,
a portable device with applications to optimize wood drying,
condition surveys of wood buildings and construction, and esti-
mates of pulpwood moisture gradients was developed [48]. This
portable device as well as others developed to extract the Cole
parameters from plants and trees without requiring the use of an
impedance analyzer [49], [50] creates the potential for extensive
field studies in wood research not possible using traditional lab-
oratory equipment.

IV. ELECTRODE–TISSUE INTERFACE MODEL

Modeling the electrode–tissue interface is important for all
systems involving biopotential recordings and stimulations.

Fig. 6. Fractional order model to analyze moisture gradients of wood in [48].

Fig. 7. (a) Tissue–electrode circuit model for a unit surface area [51] and
(b) simplified distributed fractional order model [52].

This is even more important for pacemakers because device
failures are often the result of properties of the electrode–tissue
interface rather than component failure intrinsic to the device
[51] with reported failures by commercial devices highlighting
the need for more accurate models to ensure patient safety
[52]. An equivalent fractional order circuit model of the elec-
trode–tissue interface in living hearts was proposed in [51],
shown in Fig. 7(a), that describes the impedance for a unit
surface area. This model was derived from experimentally
collected data of perfused living rat hearts and is composed
of 6 elements to describe the behavior of the tissue–electrode
interface. is the bulk tissue resistance, and are the
electrode access resistances, is the electrochemical charge
transfer resistance, is the dipole layer capacitance, and is
a spatially confined Warburg impedance (CPE with ). It
was recently proposed in [52] that the experimental data of the
model in Fig. 7(a) could also be represented by the fractional
order model given in Fig. 7(b); reducing the model to three
elements, a resistance in series with two CPEs with impedance
given by the expression

(7)

Though in reducing the electrode–tissue interface from that
shown in Fig. 7(a) to that in (b) we lose the physiological
description of each contributing element of the impedance;
still the simplified model provides a good fit to the experi-
mental data. Fractional models are also useful in simulations
of the electrode–tissue interface and are relevant to biosen-
sors, chronic indwelling electrodes, and cardiac pacemakers
[51]–[53].
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Fig. 8. Fractional order impedance model of the respiratory system of humans
proposed in [59].

V. FRACTIONAL RESPIRATORY MODEL

Fractional order models have been shown useful in mod-
eling the mechanical impedance of the respiratory system in
dogs [57], cats [58], and humans [59]. Many of these fractional-
order models are based on the fractal structure of these phys-
ical systems [54], [55] which are very complex geometric sys-
tems [56]. An electrical equivalent representation of the me-
chanical impedance of the human respiratory system, given in
Fig. 8, is composed of series connection of three elements. The
impedance of this system is given by the expression

(8)

where is a Newtonian resistance, the inertance, and the
compliance. This model is unique in that it introduces a frac-
tional element, with impedance , different than the
CPE’s previously described. Where the order of the previous
CPE’s places them between the traditional elements of a resistor
and capacitor, the order of this element places it between a re-
sistor and inductor. It is for this reason that we use an inductor as
the schematic representation of this element in Fig. 8 and could
also refer to this element as a fractional inductor.
This model has been verified in both frequency and time

domains to reasonably fit the experimentally collected data
using the forced oscillation technique to measure the respiratory
impedance. These impedance parameters are potentially useful
in tuning controllers to deliver the reference pressure value
and obtain optimal ventilation for a patient requiring minimal
breathing effort yielding improvements to ventilatory assisting
devices [59].
It has been shown in [60] that changes in themechanical prop-

erties of lung parenchyma can be detected in the impedance pa-
rameters between healthy patients and those with chronic pul-
monary disease. This model is able to capture the viscoelastic
changes of soft tissues in the lungs. It has further been shown
in [61] that the fractional order behavior observed in the respi-
ratory input impedance is dependent on not only the tissue vis-
coelasticity, but also on the intrinsic geometry and morphology
of the respiratory tree. The fractional model of Fig. 8 has also
been used to investigate the respiratory mechanics in total liquid
ventilation [62]. The fractional values were acknowledged to
best explain the frequency-dependence of the input impedance
with useful applications for the design of a pressure controller
for total liquid ventilators and monitoring patient respiratory pa-
rameters during treatment.

VI. SIMULATION

While fractional order circuit models show a significant
number of applications in biomedicine and biology, there are

Fig. 9. RC ladder circuit to realize a fourth-order approximation of a CPE.

Fig. 10. Magnitude and phase response of an approximated CPE (dashed) com-
pared to the ideal (solid) with and after scaling to a
center frequency of 1 kHz , , ,

, , nF, nF, nF,
.

a lack of simulation tools to aid in the simulation of fractional
order systems. Fractional circuit models are not currently
supported by circuit simulation software packages and instead
require integer order approximations typically realized using
RC ladder topologies [63], [64]. There are many methods to
realize approximations of CPEs that include continued frac-
tion expansions (CFEs) and rational approximation methods
[65]. The circuit to realize a fourth-order approximation of
a CPE using the CFE method in [66] is given in Fig. 9. The
magnitude and phase of the ideal (solid line) and fourth-order
approximated (dashed) CPE with capacitance and
order , shifted to a center frequency of 1 kHz, are
presented in Fig. 10. From this figure we observe that the
approximation is very good over almost four decades, from 200
Hz to 70 kHz, for the magnitude and almost two decades, from
200 Hz to 6 kHz, for the phase. In these regions, the deviation
of the approximation from ideal does not exceed 1.23 dB and
0.23 for the magnitude and phase, respectively. The accuracy
and bandwidth of the approximated CPEs can be increased by
increasing the order of the approximation.
While there are no fractional order circuit models in SPICE

to simulate biological tissues, the Bioimpedance Simulator
software [67] is available to aid in simulations. This software
package generates SPICE netlists to approximate the electrical
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Fig. 11. Simulated structure resembling an actual tissue cut
squares, slice thickness , pixel size , membrane capacitance

, plasma resistivity = cytoplasm resistivity ,
electrode resistivity [68].

impedance of living tissues based on some numerical parame-
ters concerning the tissue and bi-dimensional map representing
a slice of the tissue [68]. An example of a simulated structure
resembling an actual tissue from [68] is given in Fig. 11 rep-
resenting three cell clusters separated by large extracellular
spaces. The simulated impedance generated by Bioimpedance
Simulator for this structure is very well represented by the
single dispersion Cole impedance model.
There is a need to expand circuit simulation tools to in-

clude fractional order elements to simplify working with these
models. Current methods require significant effort from mea-
surement of fractional impedances to implementation of circuit
models for simulation. Expanding these tools will remove
the expertise required to implement approximated fractional
order circuit models and encourage researchers to conduct
simulations in the field of bioimpedance.

VII. EXAMPLE PARAMETER EXTRACTION

In this section, we present an example of extracting the single
dispersion Cole impedance parameters from an impedance
dataset using a nonlinear least squares fitting in MATLAB. The
nonlinear least squares fitting attempts to solve the constrained
optimization problem

(9)

where is the vector of impedance parameters , ,
, is the model impedance (3) calculated using ,

is the collected impedance to fit to (3), and are
the simulated and collected dataset at frequency , and is the
total number of data points in the collected dataset. This routine

Fig. 12. MATLAB simulated ideal (solid), noisy (dashed), and extracted (cir-
cles) impedance plots of the single dispersion Cole impedance when

, , , and from 30 Hz to
32 MHz.

aims to find the impedance parameters that would ideally reduce
the least squares error to zero or realistically to the level of noise
within the dataset. The constraint is added for this problem be-
cause negative resistances and capacitances are not physically
possible and a negative value of would indicate a fractional
inductor not a fractional capacitor.
Using (3) an ideal impedance dataset was generated with pa-

rameters , , , and
from 30 Hz to 32 MHz using 30 logarithmically

spaced datapoints. The data used for the fitting routine was cre-
ated by adding noise to the ideal dataset. These ideal and
noisy datasets are shown in Fig. 12 as solid and dashed lines,
respectively. The impedance parameters were estimated from
the noisy data using the MATLAB lsqcurvefit function with the
trust-region-reflective algorithm [69]. This function iteratively
solves for the impedance parameters from an initial set . To
increase the proximity of to the solution we can select values
of and from the impedance dataset knowing

(10)

(11)

Therefore, using a sufficiently low and high frequency
impedance values we can approximate and

where is the real component of the
impedance dataset and are the first and last datapoints,
respectively. Applied to the noisy dataset in Fig. 12 yields
initial conditions and .
Selecting and based on values within
the range reported in literature yields the initial condition

. Using in (9) with the noisy
dataset, yields parameters , ,

, and with relative errors of
, , , and , respectively,

compared to the ideal values. The simulated impedance using
the extracted parameters is given in Fig. 12 as circles. This
extraction process can be modified and applied to any of the
fractional-order impedance models presented in this paper.
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TABLE I
COMPARISON OF FRACTIONAL ORDER CIRCUIT MODELS USED IN BIOLOGY AND BIOMEDICINE
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VIII. MODEL COMPARISON

An overview of all six models presented in this paper is given
in Table I. This table compiles the schematic and impedance ex-
pression for each model, the frequency range over which each
model is used in the literature, a simulated impedance loci of the
model, and the types of tissues for which these models are used.
Reviewing the impedance loci’s of each model it can be seen
that the parallel combination of a resistor and CPE in eachmodel
results in a depressed semi-circle. These depressed semi-circles
are seen in the impedance plots of (3) and (6) with two each
in the plots of (4) and (5). A series CPE contributes an upward
hook at low frequencies in the impedance loci, which can be
seen in the impedance plots of (5) and (6). We also see an ex-
treme case of this upward hook in the impedance loci of (7)
which has two series CPEs. Knowledge of how each compo-
nent will contribute to the impedance plot of a fractional model
is useful when determining which model to fit to experimental
data.

IX. CONCLUSION

Fractional order circuit models provide a better fit for exper-
imentally collected impedance data of biological tissues over
their integer-order counterparts. These models, while lacking in
providing a physiological explanation of the underlying mecha-
nisms, are still very useful showing a wide array of applications
in biomedicine and biology. The practical application of these
models warrants significant continued research into not only
their use as prognostic and diagnostic tools, but also into tech-
niques for their measurement and software for their simulation.
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